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integrals associated to the Laplacian on R" k if is given. We also establish a 
Paley- Wiener type theorem using the complexified representations. 
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1. Introduction 

The Segal-Bargmann transform, also called the coherent state transform, was 

O : deVe '° Ped mdepende " tly m the 196 °' 8 by Segal the -fi-^nsio„al 

context of scalar quantum field theories and by Bargmann in the finite-dimensional 

context of quantum mechanics on IR n . We consider the following equivalent form of 

•l-H , 

Bargmann's original result. 

c3 ■ 

A function / G L 2 (IR n ) admits a factorization f(x) = g * Pt(x) where g E L 2 (]R™) 

1 -i^i 2 

and pt{x) = we 4t (the heat kernel on IR n ) if and only if / extends as an entire 

{A-Kt) 2 

1 f \v\ 2 

function to C n and we have r — jt / I f(z)\ 2 e~~dxdv < oo (z = x + iy). In this 

(2vrt)"/ 2 J cn y V y ' 



case we also have 



The mapping g — >■ g * p t is called the Segal-Bargmann transform and the above 
says that the Segal-Bargmann transform is a unitary map from L 2 (M. n ) onto 0(C n ) 
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||L 2 (C",yLi), where cf/L*(z) = ^ 2 e~~dxdy and (9(C n ) denotes the space of 

entire functions on C n . 

In the paper [1], B. C. Hall introduced a generalization of the Segal-Bargmann 
transform on a compact Lie group. If K is such a group, this coherent state transform 
maps L 2 (K) isometrically onto the space of holomorphic functions in L 2 (G,[i t ), 
where G is the complexification of K and \i t is an appropriate heat kernel measure 
on G. The generalized coherent state transform is defined in terms of the heat 
kernel on the compact group K and its analytic continuation to the complex group 
G. Similar results have been proved by various authors. See [12], [6], [5], [8] and [7]. 

Next, consider the following result on R due to Paley and Wiener. A function 
/ G L 2 (IR) admits a holomorphic extension to the strip {x + iy : \y\ < t} such that 



sup / \f(x + iy)\ dx < oo Vs < t 

\y\<s Jr 

if and only if 

(1.1) / e 2s|?l |/(0| 2 ^ < oo V s<t 

Jr 

where / denotes the Fourier transform of /. 
The condition fll.ip is the same as 



f | e 2 S A2J(£)|2 d £ < oo Vs < t 

Jm. 



where A is the Laplacian on M. This point of view was explored by R. Goodman in 
Theorem 2.1 of [2]. 

The condition fll.ip also equals 

^ x+ ^\ 2 \f(0\ 2 dt<ooVy<t. 



Here £ h-> e^ x+iy ^ may be seen as the complexification of the parameters of the 
unitary irreducible representations £ i-> e tx ^ of R. This point of view also was fur- 
ther developed by R. Goodman (see Theorem 3.1 from [3]). Similar results were 
established for the Euclidean motion group M(2) of the plane R 2 in [TTJ. Aim of 
this paper is to prove corresponding results in the context of general motion groups. 
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The plan of this paper is as follows : In the following section we recall the represen- 
tation theory and Plancherel theorem of the motion group M. We also describe the 
Laplacian on M. In the next section we prove the unitarity of the Segal-Bargmann 
transform on M and we study generalized Segal-Bargmann transform which is an 
analogue of Theorem 8 and Theorem 10 in [1]. The fourth section is devoted to a 
study of Poisson integrals on M via a Gutzmer-type formula on M which is proved 
by using a Gutzmer formula for compact Lie groups established by Lassalle in 1978 
(see j9]). This section is modelled after the work of Goodman [2]. In the final 
section we prove another characterization of functions extending holomorphically to 
the complexification of M which is an analogue of Theorem 3.1 of [3]. 



Let K be a compact, connected Lie group which acts as a linear group on a finite 
dimensional real vector space V. Let M be the semidirect product of V and K with 
the group law 

(xi, k\) ■ (x 2 , k 2 ) = (xi + kix 2 , kik 2 ) where xi,x 2 G V; fei, k 2 E K. 

M is called the motion group. Since K is compact, there exists a ii~-invariant 
inner product on V. Hence, we can assume that K is a connected subgroup of 
SO{n), where n = dimV. When K = {1}, M = V = E n and if K = SO{n), M is 
the Euclidean motion group. Henceforth we shall identify V with IR n and K with a 
subgroup of SO{n). 

The group M may be identified with a matrix subgroup of GL(n + 1, R) via the 
map 



where i6l™ and k G K C SO(n). 

We normalize the Haar measure dm on M such that dm = dxdk, where dx = (2n)~2 
dx\dx 2 ■ ■ ■ dx n and dk is the normalized Haar measure on K. Let H = L 2 (K) be the 
Hilbert space of all square integrable functions on K. Denote by (•, •) the Euclidean 
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inner product on M. n . Let V be the dual space of V. Then we can identify V with M. n 
so that K acts on V naturally by (k -£,x) = (£, A; -1 • x) where £ G V, x G V, G K. 

For any £ e VMet denote the induced representation of M by the unitary 
representation x H- e l< ^' s> of V. Then for F eH and (x, A;) G M, 

The representation is not irreducible. Any irreducible unitary representation of 
M is, however, contained in for some £ G V as an irreducible component. 

Let be the isotropy subgroup of £ G V i.e. ^ = {fc6i(':i-( = (}. Consider 
(j G Kg, the unitary dual of K%. Denote by Xa, d a and the character, degree and 
matrix coefficients of a respectively. Let R be the right regular representation of K. 
Define 

P° = d a / Xcr(w)R w dw 

J Kf. 

and 

P° = d a \ a 11 (w)R w dw 

where dw is the normalized Haar measure on K(. Then P a and P° are both or- 
thogonal projections of H. Let "H CT = P a % and H° = P°H. The subspaces H° are 
invariant under [/^ for 1 < 7 < d a and the representations of M induced on H° 
under are equivalent for all 1 < 7 < d c . We fix one of them and denote it by U^ ,a . 
Two representations U^ ,a and XJ^ ,a are equivalent if and only if there exists an ele- 
ment k G K such that £ = k • £' and cr' is equivalent to 0" fc where a k {w) = a(kwk' 1 ) 
for u> G 

The Mackey theory [10] shows that under certain conditions on K (for details 
refer to Section 6.6 of [Tj), each U^ ,cr is irreducible and every infinite dimensional 
irreducible unitary representation is equivalent to one of U^ ,cr for some £ G M. n and 
cr G Kg. Since ft = W and ft CT = 0^ H°, we have 

C/ s = d a U^ a . 
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For any / G L l (M) define the Fourier transform of / by 

/ f(m)U^dm. 
Jm 

Then the Plancherel formula gives 

/ \f(m)fdm = Y, d J WfitMsdt 
Jm — Ji" 

where || • \\hs is the Hilbert-Schmidt norm of an operator. We will be working with 
the generalized Fourier transform defined by 



/(0 = / f{m)Uidm. 



Then we also have 



J M JR n 

Let k and m be the Lie algebras of K and M respectively Then 
m = I { \ : X € R", K € k } . 

H° v "J 

Let Ki, K 2 , • • • , K N be a basis of k and X\, X 2 , ■ ■ ■ ,X n be a Lie algebra basis of 
R n . Define 

' Ki 0' 

Mi = I I for 1< i < N 

0, 

X % 




for iV + 1 < % < N + n. 



Then it is easy to see that {M l5 M 2 , • • • , Mtv+„} forms a basis for m. The Laplacian 
A M = A is defined by 

A = _ (Ml 2 + M 2 2 + --- + M^ +n ). 
A simple computation using the fact K C SO(n) shows that 



A — — A]Rn — 
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where A K n and A K are the Laplacians on M. n and K respectively given by A R n = 
X\ + X\ + • • • + X 2 n and A^ = K\ + K\ + h 

3. Segal-Bargmann transform and its generalisation 

Since A R n and Ax commute, it follows that the heat kernel ip t associated to A is 
given by the product of the heat kernels p t on W 1 and q t on K. In other words 

ipt(x, k) = p t {x)q t {k) = 1 -w e~y~ d^e'^xM- 

(Ant) 2 ~ 

Here, for each unitary, irreducible representation 7r of iT, ^ is the degree of 7r, A t 

is such that vr(Ax) = — A^J and Xtt(^) = tr(n(k)) is the character of 7r. 

Denote by G the complexification of X. Let K t be the fundamental solution at the 

identity of the following equation on G : 

du 1 

lit = 4 AgM ' 

where Aq is the Laplacian on G. It should be noted that K t is the real, positive heat 
kernel on G which is not the same as the analytic continuation of q t on K. 

Let "H(C n x G) be the Hilbert space of holomorphic functions on C n x G which 
are square integrable with respect to ^ v{z, g) where 



dfi(z) = j-e at dxdy on C r ' 

(27rt) 2 



and 



rf^(^) = / K t (xg)dx on G. 
Jk 

Then we have the following theorem : 

Theorem 3.1. If f £ L 2 (M) ) then f * ipt extends holomorphically to C n x G. 
Moreover, the map C t : / (->■ / * ip t is a unitary map from L 2 (M) onto "H(C n x G). 

Proof. Let / G L 2 (M). Expanding / in the K— variable using the Peter- Weyl theo- 
rem we obtain 

f(x,k) = Y i dnJ2f^ x ^U k ) 
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where for each -k G K, is the degree of it, (pj/s are the matrix coefficients of re and 
fij( x ) = / f( x ik)4>Jj(k)dk. Here, the convergence is understood in the L 2 -sense. 
Moreover, by the universal property of the complexification of a compact Lie group 
(see Section 3 of jl]), all the representations of K, and hence all the matrix entries, 
extend to G holomorphically. 

Since ifj t is X-invariant (as a function on IR n ) a simple computation shows that 

It is easily seen that G L 2 {R n ) for every 7r G K and 1 < i,j < d n . Hence * p t 
extends to a holomorphic function on C™ and by the unitarity of the Segal-Bargmann 
transform in IR n we have 

(3.1) / \f[ 3 *p t (z)\ 2 f i(y)dxdy= [ \f*(x)\ 2 dx. 

JC n JM." 

The analytic continuation of / * ip t to C n x G is given by 

We claim that the above series converges uniformly on compact subsets of C n x G 
so that / *ipt extends to a holomorphic function on C n x G. We know from Section 
4, Proposition 1 of [1] that the holomorphic extension of the heat kernel qt on K is 
given by 

For each g G G, define the function qf (k) = qt(gk). Then qf is a smooth function on 
K and is given by 

Qt(k) = ^2d n e~^Xn(gk) 

TT&K 
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Since qf is a smooth function on K, we have for each g G G, 

(Itt 



j \q?(k)\ 2 dk = J2 d * e ~ Xvt E \®M 2 < °°- 

JK TraK i,j=l 



(3.2) 

J K 

Let L be a compact set in C n x G. For (2, g) G L we have, 
(3.3) 1/ < E^ e " ¥ E \f?i*Pt(z)K(9)\- 

7T&K M=l 

By the Fourier inversion 

where 2 = x + % G C n and fjj is the Fourier transform of f^. Hence, if z varies in 
a compact subset of C n , we have 



\%*Pt{z)\ < 11/5112 / e-w-^de 

< C||^.|| 2 . 

Using the above in ( 13 . 3H and applying Cauchy-Schwarz inequality we get 

\f*Mz,g)\ < cJ2^J2\\m\2e-^mg)\ 

Noting that \\f\\ 2 2 = E ^ E / l^'( x )| 2rfx and 

q t is a smooth function on G we 
prove the claim using (13. 2D . Applying Theorem 2 in jl] we get 



i/*^^)r^) = E^E i^*ft(«)i s 



Integrating the above against fi(y)dxdy on C n and using ( 13. II) we obtain the isometry 

of a 

|/ * ip t (z, g)\ 2 fi{y)dxdydiy(g) = \\f\\ 2 2 . 



G 
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To prove that the map C t is surjective it suffices to prove that the range of C t is 
dense in "H(C n x G). For this, consider functions of the form f(x, k) = hi(x)h 2 (k) G 
L 2 (M) where hi G L 2 (IR n ), h 2 G L 2 (K). Then a simple computation shows that 

/ * ifj t (z, g) = hi * p t (z)h 2 * q t (g) for (z, g) G C n x G. 

Suppose F G H(C n x G) be such that 



(3.4) / F(z, g)h x * p t (z)h 2 * q t (g)jj 1 {y)dxdydv{g) = 



V hx G L 2 (R n ) and V h 2 G L 2 (ii"). From we have 



5f)/i! * p t (z)d/j(z) h 2 * q t (g)du(g) = 



' G \JC n 

which by Theorem 2 of [1] implies that 



F(z,g)hi *p t (z)d/j(z) = 0. 



C r ' 



Finally, an application of the surjectivity of Segal-Bargmann transform on IR n shows 
that F = 0. Hence the proof. □ 

In j3] Brian C. Hall proved the following generalizations of the Segal-Bargmann 
transfoms for IR n and compact Lie groups : 

Theorem 3.2. 

(I) Let fi be any measurable function on M. n such that 

• (jl is strictly positive and locally bounded away from zero, 

• V x G W 1 , a{x) = [ e 2x - y fi(y)dy < oo. 

Define, for z G C n 

e ia(y) 



tjj(z) = / ^=e- iy - z dy, 

where a is a real valued measurable function on W 1 . Then the mapping '. L (lR n ) — y 
0(C n ) defined by 

Cip(z) = / f{x)ih{z — x)dx 
is an isometric isomorphism o/L 2 (IR n ) onto 0(C n ) f)L 2 (C n ,dx[i(y)dy). 
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(II) Let K be a compact Lie group and G be its complexification. Let v be a measure 
on G such that 

• v is bi-K -invariant, 

• v is given by a positive density which is locally bounded away from zero, 

• For each irreducible representation rr of K, analytically continued to G, 

*M = ^/ ll*te- 1 >ll , *'to)<«'- 

Define r(g) = — = Tr(ir(g~ 1 )U 7r ) where g G G and U w 's are arbitrary unitary 

^V 5 ( 7r ) 
matrices. Then the mapping 

C T f(g) = [ f{k)r{k- l g)dk 
Jk 

is an isometric isomorphism of L 2 (K) onto 0{G) C\ L 2 (G, dv(w)). 

A similar result holds for M. Let \i be any real-valued K-invariant function on 
]R n such that it satisfies the conditions of Theorem 13.21 (I). Define, for zgC 

r P ia (y) 
ip(z) = / -==e- ty -*dy, 

where a is a real valued measurable K- invariant function on M. n . Next, let u, 5 and 
r be as in Theorem 13.21 (II). Also define (f>(z,g) = ip{z)r(g) for z G C ra , g G G. It 
is easy to see that <p(z, w) is a holomorphic function on C n x G. Then it is easy to 
prove the following analogue of Theorem 13.21 for M. 

Theorem 3.3. The mapping 

C*f(z,g)= [ f(Z,k)m,kr\z,g))dtdk 

J M 

is an isometric isomorphism of L 2 (M) onto 

0(C n x G) P|L 2 (C n x G,fi{y)dxdydu{g)). 
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4. Gutzmer's formula and Poisson Integrals 

In this section first we briefly recall Gutzmer's formula on compact, connected 
Lie groups given by Lassalle in [5]. Let k and g be the Lie algebras of a compact, 



where p = ik and any element g G G can be written in the form g = k exp iH for 
some k G K, H G k. If h is a maximal, abelian subalgebra of k and a = ih then 
every element of p is conjugate under K to an element of a. Thus each g G G can 
be written (non-uniquely) in the form g = kiexp (iH)k 2 for k\, fc 2 £ if and H G h. 
If ki exp (iHi)k[ = k 2 exp [iH-^k'^ then there exists w G W, the Weyl group with 
respect to h, such that Hi = w ■ H 2 where • denotes the action of the Weyl group 
on h. Since K is compact, there exists an Ad-i^-invariant inner product on k, and 
hence on g. Let | • | denote the norm with respect to the said inner product. Then 
we have the following Gutzmer's formula by Lassalle. 

Theorem 4.1. Let f be holomorphic in K exp(iQ r )K C G where Q r = {H G k : 
\H\ < r}. Then we have 



where H G Q r and f(ir) is the operator-valued Fourier transform of f at n defined 



For the proof of above see [Sj- We prove a Gutzmer-type result on M using Las- 
salle's theorem above. Define Q t ,r — {(z, g) G C" x G : \Imz\ < t, \H\ < r where g = 
ki exp iHk 2 , ki, k 2 G K, H G h}. Notice that the domain Q t ,r is well defined since | • | 
is invariant under the Weyl group action. 

Lemma 4.2. Let f G L 2 (M) extend holomorphically to the domain tt t>r and 



connected Lie group K and its complexification G. Then we can write g = k + p 




TT&K 




sup / / / 

{\y\<s, \H\<q} JR n J K J K 
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V s < t and q < r. Then 

/ / \f( x + iy,kiexp (iH)k 2 )\ 2 dkidk 2 dx 
» Jk Jk 

E d « E ( / I^COI'e-^de) X 7 r(ex P 2zff) 



provided \y\ < t and \H\ < r. Conversely, if 



sup E f / 1-^(0 1 2 e" 2 ^^ X 7 r(exp2z#) < oo V s < t and q < 

{\y\<s, \H\<q} (7± x Vm" J 



then f extends holomorphically to the domain J\ r and 



{\y\<s, \H\<q} 

V s < t and q < r. 



sup / / / \f( x + ^i ex P (iH)k 2 )\ 2 dkxdk 2 dx < oo 
s, \H\<q\ Jr« Jk Jk 



Proof. Notice that /^(x) = / f(x, k)(j)^Ak)dk. It follows that has a holomorphic 
extension to {z G C n : |Jm^| < t} and 



l.yl 

Consequently, 



SU P / + w)\ 2 dx < oo V s < t. 

\y\<s Jr™ 



[ \f* j (x + iy)\ 2 dx= f \f%(0\ 2 e- 2 ^dZ for \y\ < sV s<t. 

Now, for each fixed z G C n with |/mz| < s the function g — > f(z, g) is holomorphic 
in the domain {g e G : \H\ < r where g = k x exp iHk 2 , ki,k 2 G K, H G h} for every 
s < t and g < r and so admits a holomorphic Fourier series (as in jl]) 
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It follows that ajj(z) = ffAz) for every 7r G K and 1 < i,j < d n . Hence by using 
Theorem 14.11 we have for (z,g) G Q t)J ., 

/ / \f{x + iyM^V^H)k 2 )\ 2 dk l( ik 2 = V||/ Z (7r)||^(exp2iff) 
Jk Jk 

■k&K 

n( z K i,j=l 

where f z (g) = f(z,g). Integrating over IR n we get 

\f(x + iy, ki exp [iH)k 2 )\ 2 dkidk 2 dx 




n Jk Jk 



EE I \f^ + w)\ 2 dx X n(exp2tH) 
E d * E { I \m)\ 2 e-*- y dti) X.(exp2ztf). 



Hence the first part of the lemma is proved. Converse can also be proved similarly. 

□ 

Recall that the Laplacian A on M is given by A = — A R n — A K . If / G L 2 (M) it 
is easy to see that 

We have the following (almost) characterization of the Poisson integrals. Let Qt,r 
denote the domain defined in Lemma [4.21 

i 

Theorem 4.3. Let f G L 2 (M). Then there exists a constant N such that g = e~ tA ^ f 
extends to a holomorphic function on the domain ^ and 

sup / / / ^Vi ^ ex P {iH)k 2 )\ 2 dkidk 2 dx < oo. 

{\v\<^\h\<^} J ^ JkJk 
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Conversely, there exists a fixed constant C such that whenever g is a holomorphic 
function on Q t » and 

sup / / / | S (x + i», *, exp (ilOfeJI^dM. < oo /or . < t, 

{\y\<s, \H\<%}J^ n JkJK 

then V s < t, 3/ e L 2 (M) such that e~ sA ^ f = g. 
Proof. We know that, if / G L 2 (M) then 

g(x,k) = e~ tAh f(x,k) = 5>£(7 e^'^^CO^de) 

Also, #0, fc) = d * E diji^W with 9ij(0 = fi^y m2+X ^- From Lemma 

6 and 7 of [lj we know that there exist constants a, M such that > a|/i| 2 and 
|Xir( ex P^)| < d 7r e M ' y " At ' where /i is the highest weight of it. Hence we have 

\x„(exp2iH)\ < d w e 2M WM < d n e N \ H ^ 

where N = ^Sf. If s < ^ it is easy to show that 

sup e -n\e+^ e m\\y\ e N\v^\s < c < ^ for | y) < * 

{£eK™, a^o} v2 



It follows that 



sup E^E(7 14(0 iV^de) e^ |H| < oo. 



So we have 



sup E d * E ( / I^COI^W) ^(exp 2ztf) < oo. 

Hence by Lemma 14.21 we have proved one part of the theorem. 

To prove the converse, we first show that there exist constants A, C such that 

(4.1) / xA^V 2iH )do- r (H) > d^Ae Cr ^ 

J\H\=r 
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where da r (H) is the normalized surface measure on the sphere {H eh: \H\ = r} C 
]R m where m = dim/i. If H e a, then there exists a non-singular matrix Q and 
pure- imaginary valued linear forms vi, v 2 , ■ • ■ , on a such that 

Qn(H)Q- 1 = diagMH^H), ■■■ , u dn (H)) 

where diag(ai, a 2 , ■ ■ ■ , a&) denotes k x k order diagonal matrix with diagonal entries 
di, a 2 , • • • , Ofc. Now, zv(ff) = z(z/, if) where v is a weight of n. Then 

exp(22g7r(i/)Q- 1 ) = Q exp{2i7r{H))Q' 1 = diag{e 2wi{H \e 2w2(H \ ■ ■ ■ ,e 2iUd « {H) ). 

Hence 

X7r (exp2i#) = Tr(Qexp{2in(H))Q- 1 ) 

= e -2(u lt H) + e -2(v 2 ,H) _j ^ e -2(i/ dw ,H> 

where /x is the highest weight corresponding to n. Integrating the above over \H\ = r 
we get 

/ xA e w2iH)da r (H) > [ e~ 2{, "' H) da r {H) 

J\H\=r J\H\=r 

J^_i(2jr|/x|) 
(2ir\fi\)^~ 1 

> Be rM 

where Jf-i is the Bessel function of order y — 1. By Weyl's dimension formula we 
know that d n can be written as a polynomial in fi and A,r ~ |/i| 2 . Hence we have 

J\H\=r 

for some C. Consider the domain Q t ■u for this C. Let g be a holomorphic function 



on Vt. it and 

' c 



{ 



sup / / / + ^i ex P (iH)k 2 )\ 2 dk±dk 2 dx < oo for s < t. 
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By Lemma 14.21 we have 



sup V ( [ \gUO\ 2 e-^ y dz) X n(exp2iH) < oo V s < t. 

{\y\<s,\H\<^}^ k ili= lVR» / 

Integrating the above over |if | = r = || and \y\ — s < t we obtain 

^ ^VR" (2^|^|) 2 /./|ff|=r 



Ja_i(2«s|f|) . . 

Noting that — - — „ ~ e for large |£| and using (14.1 p we obtain 

E d -E / \9fj(0\ 2 e 2sm e 2s ^d^<oofoTs<t. 

7T6K »J— 1 

This surely implies that 

E^E / ®0|V s ^ 2+A ^^ < oo for a < t. 

Defining by JfM) = tfM)^^ we obtain 



d-TT 

i,j=l 



and g = e" sA / 



□ 



5. Complexified representations and Paley- Wiener type theorems 

Recall the representations and the generalized Fourier transform /(£) from the 
introduction where 

/(0 = / f(m)Uidm. 

J M 

For (x, k) £ M and matrix coefficients 0^- of 7r we have 

(ri) = e < <»^^(A ; - 1 ti). 
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This action of U^ x ^ on 0^ can clearly be analytically continued to C n x G and we 
obtain 

{ U L)^) («) = e^e-^^^e-^fc-iu) 

where (z, (7) eCxG and ^ = x + ii/ 6 C" and (7 = A;e iH G G. 

We also note that the action of K C SO{n) on IR n naturally extends to an action 
of G C SO(n, C) on C n . Then we have the following theorem: 

Theorem 5.1. Let f G L 2 (M). Then f extends holomorphically to C n x G with 
[ (( \f(e- iH (x + iy),e- iH k)\ 2 dxdkdn r (y) < 00 VHek 

J\y\=r J K JR n 

(where fj, r is the normalized surface area measure on the sphere {\y\ = r} C WL n ) iff 

I I WlJmlsd^Mdt <oc 

JR" J\y\=r 

where z = x + iyEC n ,g = ke lH G G. In this case we also have 

I I HzJmisdvrWt 

= I If \f(e- iH (x + iy),e- iH k)\ 2 dxdkdtx r (y). 

J\y\=r JK iR" 

We know that any / G L 2 (M) can be expanded in the K variable using the Peter 
Weyl theorem to obtain 

(5.1) /(*,fc) = E^E WW 

where for each 7r G K, d n is the degree of n, 0^'s are the matrix coefficients of n 
and/£(x) = / f(x,k)4>l(k)dk. 

JK 

Now, for F G L 2 (IR n ), consider the decomposition of the function k 1— > F(k ■ x) in 
terms of the irreducible unitary representations of K given by 

dx 

X &K l,m=l 
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where F? W = f F(k ■ X )^Jk)ik. Putting k = e, the identity element ot K, we 
Jk 

obtain 

Then it is easy to see that for u G K, 

dx 

(5-2) F«{u-x) = Y J F l ) r{x)<Pl l {u). 

m=l 

It also follows that the Euclidean Fourier transform F{ m of F{ m satisfies 
(5.3) F{'(n ■ s) = £ #r»*A m (z) VnGiT. 

m=l 

From the above and the fact that G L 2 (IR") for every it <E K and 1 < z, j < it 
follows that any / G L 2 (M) can be written as 

Treif Aex i J =1 ' =1 
We need the following lemma to prove Theorem 15.11 

Lemma 5.2. For /ixed tt, A G F, £/&e theorem is true for functions of the form 

(in dx 

f(x,k) = j2J2f l ^W^ 
ij=i i=i 

where for simplicity we write {fLyl as fl\- 

Proof. For £ G W 1 , u G F, 7 G if and 1 < p, g < d 7 we have 

ij=i ;=i t=i 



i=l Z,m=l 
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by (15. 3p and Schur's orthogonality relations where £ 77r is the Kronecker delta in the 
sense of equivalence of unitary representations. Then we have 



i=l Lm=l 



Hence 



|[/£,,.,„ iH j(0 112 



(x+iy,ke lH )- 



HS 



p,q=l 



-2(y,n-?> 



K 



E E n?^Ue- iH k-\w qi {u- i k t 

i=l Lm=l 



du. 



Integrating the above over \y\ — r, we obtain 

/ \\ul +iyMH) 7(i)\\ 2 Hsd^{y) 

J\v\=r V ' 



t 5 ' 4 ) = 1 J f _ 1 (2zr|g|) * 



E E n^Ue 

i=l l,m=l 



du 



where J^-i is the Bessel function of order § — 1 and [i r is the normalized surface 
area measure on the sphere \\y\ = r} C M. n . 

Let be the Hilbert space on which 7r(k) acts for every k E K and e\, e%, ■ ■ ■ , 
be a basis of "H^. Then, for any Cj, 1 < i < d n , 

2 



E 

9=1 



E 

i=l 



C ^ ( t ) qi{ U 



a=l 



EE 

g=l i=l 

c i^E (n(u~ 1 e iH )e h e q ) (e q ,ir(u~ l e tH )e a ) 

i,a=l g=l 

Y J C l - a {^{u- 1 )Ti{e iH )e^{u- 1 )7:{e m )e a ) 



i,a=l 

E 

9=1 



E c ^ ( 



i=l 
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since n is a unitary representation of K. So, we have 



iH u)cjf qi {u- l e iH ) 



E E E 4 m (O0L(e" 

9=1 7=1 i,m=l 

Hence from (15.41) we get that 

f(0\\ 2 H S dMy) 



3=1 



E E E 4 m (O0L(e- 



7=1 i,m=l 



1 VigjrjjQ ^ 
4 (2ir\^- 1 ^ 



A 



1 J»_i(2ir|£|) 



p,q=l 

d n d x 



E E f^(oti k (e- 

7=1 l,m,k=l 



kmK u )<PqiK e 



du 



rE E 

p,q=i m,k=l 



EE4 m (0^e~^(e^ 



i=l i=l 



by Schur's orthogonality relations. The above can also be written as 
1 



(5.5) 



7T«A 



fin- d x 



-^dMy) E E 

p,?=l m,k=l 



dir d x 



EE^ m (£)^< 



i=l 1=1 



We have obtained an expression for one part of Lemma 15.21 Now, looking at the 
other part, we have 

f^ 1 ■ x,u- x k- x ) = E E flT^Liu-^Uku). 

i,j=l l,m=l 

So, if / is holomorphic on C n x G, for z = x + iy we get 

f(e- iH u- x ■ z, e~ iH u x k- x ) = £ E /^WA.^- 1 )^^)^^)- 

i,j,q=l Z, m=l 

Again, by Schur's orthogonality relations and similar reasoning as before, we have 



A' 



1 d n 



f(e- iH vT l ■ z^-^u^k- 1 )^ dk 

d w d x 



d-n 



.7,9=1 

drr 



EE/. 



z 5 



.7,9=1 



7=1 Lm=l 



d-x d x 



E E /?(^( e ~^ _1 )^( e ^) 



7 = 1 Z, 777=1 
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Hence, by invariance of Haar measure, we have 




fie'^u- 1 ■ z, e- tH u~ l k- l )\ 2 dkdudx 



K JK 



1 — 

n j q=\ JK 



A rl ^ ' ^ ^ 

J,q=l p,m=l m - 



d n d x 

E E 



E E /?w<(^")^>~X( e ' H ) 

i=l p,l,m=l 

2 



dudx 



EE4 m (*+^)*( e ~ 
i=i «=i 



ate 



^ A j,< ? =lp,m=l 



i=l i=l 



Now by the invariance of Lebesgue measure under the X-action on M. n we get that 



\y\=r JR n J K J K 




f(e tH u 1 -z,e tH u L k dkdudxd/j, r (y) 



\y\=r JR n J K 



f(e~ iH ■ z,e- lH h)Y ' dkdxdnr(y) 



Hence the lemma follows from (15. 5p . 

□ 



Proof of Theorem \5.1\ 

To prove the theorem, it is enough to prove the orthogonality of the components 

d n dx 

ti(x, k) = J2J2 fiiWtW- For ^ X > T ^ e we have 

i,i=l 1=1 



HS 



7 ei? P'i =1 



dir d x 



5, 



K d n 



d T d v 



i=l l,m=l 



7T 
(l T 



e i{x+iy,u-0 Y /ap(OC( e " 5Hfc " lu )^«( M " lfce!fl ) dM 



a=l b,c=l 



if 7T ^ T. 
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Assume n = r. Then 



1 J»_i(2ir|e|) 



f=r E E E 4 m (0/^(0 



A" 



d - (2^I?IK M)P=Hm=lb , c=1 

,9=1 / 
^ a,i,p,q=l l,m=l b,c=l 

j=i fc=i ^ 

= if A £ i/. 

On the other hand, we have 

/ tiie-^u' 1 ■ z, e-^u^k-^f^e-^u- 1 ■ z, 'u^k-^dk 
Jk 

djY d\ d T d v 

= E E E E tir^iw^Ue-^u-^ue-^u-^ 

i,j,q=l l,m=l a,b,p=l s,t=l 



^ qi (ue tH )<p; a (ue") I <p] q (k)<pi p (k)dk 



K 



= if it ¥ r. 

Assume n = r. Then we get 

/ / tiie-^u' 1 ■ z, e-^u^k-^ftie-^u- 1 ■ z, e-^u^k'^dkd 
Jk Jk 

djr d\ d v / d n 

= E E E W E <^(0«^) 

i,a,j=l l,m=l s,t=l \g=l 



= if A £ i/. 
This finishes the proof. 
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□ 

It is easy to see that 

wiJmhdt = E d ° I \\ u i?J^°)\\ 2 H S di. 

— - JR n 

Hence we have the following corollary: 



/ // 

J\y\=r J K Jm n 



Corollary 5.3. For f G L 2 (M), f extends holomorphically to C n x G with 

\f(e- iH (x + iy),e~ iH k)\ 2 dxdkd^i r (y) < oo 
(where fj, r is the normalized surface area measure on the sphere {\y\ = r} C W 1 ) iff 

Y. d ° I [ \\u%J(t,°)\\ 2 HsdMy)dt; < oo 

where z = x + iyEC n ,gEG and we also have 



E^/ / \\ u t:J^°)\\H S d»r{y)dt, 

l ll 

J\y\=r J K JW 



\f{e~ lH {x + ty),e- tH k)\ 2 dxdkdfi r {y). 
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